The problem of a cylindrical shell containing a circumferential through crack is considered by taking into account the effect of transverse shear deformations. The formulation is given for a specially orthotropic material within the confines of a linearized shallow shell theory. The particular theory used permits the consideration of all five boundary conditions regarding moment and stress resultants on the crack surface. The stress intensity factors are calculated separately for a cylinder under a uniform membrane load, and that under a uniform bending moment for values of 0 < \2 = [12(1 -^)]'/4. a(Rh)'/2 < 10 and 0 < a/h < 10, where 2a, h, and R are, respectively, the crack length, the thickness, and the (mean) radius of the cylinder. Sample results showing the nature of the out-of-plane crack surface displacement and the effect of the Poisson's ratio are also presented.
during installation, stresses arising from vehicular vibrations and impact, and the residual stresses in and around girth welds. One may also point out that the axial stresses would be much more time-varying than basically pressure-induced hoop stresses and hence would tend to facilitate the formation and propagation of fatigue cracks in the circumferential direction. If the thickness-to-radius ratio in the cylinder is sufficiently small, then a bending theory of shells may be used to formulate the circumferential crack problem and, by approximating the internal stresses (such as residual and thermal stresses) by a linear function in the thickness coordinate, the general solution may be obtained by appropriately superimposing the results of membrane and bending solutions. The existing solutions of this problem take into account the membrane loading only and are based on an eighth-order shallow-shell theory in which the effect of the transverse shear stress is ignored and the crack surface boundary conditions are approximated by using the Kirchhoff assumption' [1] [2] [3] . The consequence of this assumption in shells is the same as in the bending of cracked flat plates [4] [5] [6] [7] . It has been shown that if a plate bending theory compatible with the number of independent boundary conditions is not used to solve the crack problem, the computed stress intensity factors may contain errors and the angular distribution of membrane and bending stress resultants would be different [4] [5] [6] [7] . This would then make it difficult to justify the superposition of membrane and bending solutions in fatigue crack propagation and fracture analysis.
The aim of this paper is to solve the problem of a circumferentially-cracked cylindrical shell by taking into account the effect of transverse shear and to obtain the stress intensity factors for the bending moment as well as the membrane force as the external load. The problem for a longitudinal crack was recently solved [8] by using a higher-order shallow shell theory described in [9] . In the present paper the effect of Poisson's ratio on the stress intensity factors and the nature of the out-of-plane displacement along the edges of the crack (i.e., bulging) will also be studied.
Formulation of the problem.
In this problem the general shallow shell equations developed in [9] for an isotropic medium will be used. However, as shown in [10] and [11] for the classical shell theory, in this case too it can be shown that the related differential equations of the orthotropic shells can be factorized and reduced to the equations of isotropic shells if one assumes the material to be "specially orthotropic".
Following [8] and [9] , the equilibrium equations for a shallow shell may be expressed
where Ny, A/,, , and V, (/', j = 1, 2) are, respectively, membrane, moment and transverse shear resultants, and the indicial notation and the summation convention are used. and the relations giving Mu and V, in terms of /?, and 6,, respectively, the formulation of the problem would be technically complete, the ten equations (2.1)-(2.5) accounting for the ten variables ev, /?,, 0,, U,, and W. First, eliminating U, and U2 from (2.4), one obtains the following compatibility equation:
where eik is the permutation symbol2. Next, defining the stress function F(Xt, X2) by Even with simple shell geometries for anisotropic materials the differential equations are not tractable. However, as in [10] if one assumes a special orthotropy, the related differential operators in these equations can be factorized and the problem can be made analytically tractable. Let the material be orthotropic and the stress strain relations be
In this case too the following is the condition for the factorization of the operators:
A material satisfying the condition (2.12) is said to be "specially orthotropic". It has been shown that for certain orthotropic materials the value of the shear modulus calculated from (2.12) and that measured experimentally are very nearly the same and consequently with the assumption of special orthotropy, the analysis can be simplified quite consid- 
The constant a used in Appendix A to normalize various quantities is a characteristic length parameter in the shell. Usually in crack problems the shell is assumed to be "infinitely large" and a is taken to be half the crack length. 
In (2.32), eliminating £2 and then using (2.31), we find kVV ->p -w = 0. The problem will be solved by using Fourier transforms. It will be assumed that through a proper superposition the original shell problem has been reduced to a perturbation problem in which self-equilibrating force and moment resultants acting on the crack surfaces are the only nonzero external loads (hence the assumption q = 0). Thus, in some neighborhood of the crack in which the stresses are expected to be nonzero, the transform of w and its inversion may be expressed as If we define
Eq. (3.6) can be written in terms ofp as follows:
It should be emphasized that the roots of (3.8) are in general complex, and, of course, are not known as a function of a in closed form. After solving (3.8) let the roots of (3.6) be ordered such that
The solution f(x, a) of the resulting, ordinary differential equation satisfying the regularity conditions at x = +oo may then be expressed as 4 f(x,a)= X R Aa) exp (mpc), x>0, 
KPj i
The expressions given by (3.10), (3.12), (3.14), and (3.17) satisfy the differential equations of the problem3. If one now determines the arbitrary functions Rj(a) (j = 1, ..., 8) and A,(a) (i = 1, 2) in such a way that the boundary conditions of the problem are also satisfied, one then has the solution.
4. Boundary conditions. As mentioned earlier, the only external loads in the problem are the self-equilibrating force and moment resultants on the crack surfaces. These forces can be decomposed in such a way that in solving the problem one needs to consider (with respect to the x = 0 plane) either symmetric or antisymmetric loading only. In these two cases the following conditions of symmetry will be satisfied:
Nxx(x, y) = Nxx(~x, j), NJx, y) = -Nxy(-x, y),
Mxx(x, y) = Mxx(-x, y), Mxy(x, y) = -Mxy(-x, y), Vx(x, y) = -Vx(~x, y), for the symmetric problem, and
for the antisymmetric problem. One may note that (4.1) and (4.2) are valid for all values of x and y, and in the odd functions the discontinuity at x -0 may be allowed only on the crack surface; outside the crack all these functions (indeed, all field quantities) must be continuous. It is therefore clear that in solving the problem one needs to consider only one half of the cylinder, say x > 0. Symmetry conditions similar to (4.1) and (4.2) are, of course valid for all the remaining field quantities. Thus, there are only five unknown functions /?"••, R4, and A, which may be determined from five conditions specified at x = +0.
Consider now the symmetric problem for a circumferentially cracked shell. Noting that before the superposition which led to the perturbation problem the crack surfaces were free from all external loads, and since outside the crack all quantities are continuous, from (4.1) it may be concluded that
and Nxx(+Q, y) and A/"(+0, y) are known functions in -1 < y < I. The problem is then a mixed boundary value problem. By using (4.3), three of the five unknowns (R" ■ •, R4, A,) can be eliminated. The remaining two may be determined either from a system of dual integral equations or a system of singular integral equations arising from the mixed boundary conditions. In terms of the normalized quantities the relevant force and moment resultants are given by Nxx = d2<t>/df, Nxy = -d?4>/dxdy, (4.4) d2w + dp x dxdy dy
Using (4.4) and the results obtained in Sees. 2 and 3, for x > 0 these quantities may be expressed in terms of R" ■ •, R4 and A, as follows:
We will attempt to solve the problem by reducing it to a system of singular integral equations. The problem is "symmetric" and the "normal" membrane and moment resultants are specified on the crack surface. Therefore, the natural "dual" quantities which should be considered as the new unknown functions arê ii(+0, y) = <7,00, ^ &(+0, y) = G2(y), (4.10) corresponding to the "normal" displacement and rotation on the crack surface, respectively. In (4.10) the derivatives of the dual quantities are used to make them dimensionally consistent with Nxx and Mxx and in order to insure that the resulting integral equations will have Cauchy-type singularities [13] . The mixed boundary condition along x = 0,-oo<y<oo may now be expressed as follows:
lim Nxx(x, y) = F,(y), -1 < y < 1, (4.11)
x-»+0
lim Mxx(x, y) = F2(y), -1 < y < 1, (4.12)
x-»+0 u(0, y) = 0, 1 < |_y| < oo, (4.13) &(0,y) = 0, 1<M< (4.14)
Referring to the definitions (4.10) and the physical conditions (4.13) and (4.14), it is clear that the functions G, and G2 must satisfy the following single-valuedness conditions:
jf Gt(y)dy = 0, jf G2(y)dy = 0. Then, after some manipulations, the quantities defined by (4.10) may be obtained as follows:
GM-iJIa ? <-»«)*■-irtiW,,p (4.18) Now, using (4.3) and inverting (4.6), (4.8), (4.9), (4.17), and (4.18), we obtain five linear algebraic equations in R, , R4, and A, which, after some modifications and by using (4.13) and (4.14), may be expressed as A ,(a) = 2 J G2(0 exp (iat) dt, By examining the functions H0, it can be seen that they are bounded everywhere in -oo < a < oo. Therefore any possible singularity of the kernels in (4.24) at y = t must be due to the behavior of H0(a, x) as a -* +oo. Note also that //" contains exponential damping terms of the form exp (mpc) and exp (r,x), where Re(m,) < 0, Re(r,) < 0. However, since in the limit x will go to zero, for y -t this damping does not insure the convergence of the inner integrals in (4.24). The major difficulty in this problem, of course, is that the functions w,(«) are not known explicitly in terms of a. For the purpose of examining the singular behavior of the kernels in (4.24) and for extracting the singular parts, all one needs, however, is the asymptotic behavior of my and r, as |a| -» oo. Thus, from (3.6) - where H\°° is the asymptotic value of Hu for |«| -> oo. On the right-hand side of (4.27) the first term gives Cauchy-type kernels l/(t -y) on the main diagonal terms, and the second integrals are uniformly convergent for all t and y (in which the limit x = 0 can therefore be put under the integral sign). After the asymptotic analysis and some lengthy but straightforward manipulations the integral equations and the kernels may then be expressed as follows:
l^-dt+ t /\yC. t)G,(t)dt = 2itF, (y), -1 < y < 1 .9) it is seen that, aside from the magnitudes as represented by g,(l) and g2(l), the asymptotic behavior of the membrane and bending stress distributions around the crack tip will be identical. This is, of course, in agreement with the uncoupled in-plane and bending results for flat plates [4] [5] [6] [7] . Defining the polar coordinates r, 0 by It should be noted that even though the analysis given in the previous sections is valid for specially orthotropic as well as isotropic shells, (a) because of the dependence of x and y on the orthotropy constant c = (E,/E2y/4, r and 0 defined by (5.10) are not the physical coordinates, and consequently the angular distribution of the stress state in orthotropic shells would be different from that of isotropic shells as given by (5.12)-(5.14); and (b) since the roots w, and r, are very heavily dependent on c, the numerical results obtained for the isotropic shells by assuming c = 1 cannot be readily adapted to orthotropic shells.
By performing the proper asymptotic analysis in the vicinity of the crack tip, similar results may be obtained for the transverse shear resultants. Consider, for example, the transverse shear resultant Vx. Noting that (4.9) is obtained from Vx by direct differentiation, after some manipulations, for large values of |a| we obtain
The leading term in the asymptotic expansion of Vx in powers of r, the distance from the crack tip, is dependent on the behavior of its Fourier transform given in (5.17) for large values of |a|. Now, from (3.5) and (3.10) we observe that is the Fourier transform of dw/dx at x = 0. Since dw/dx at x = 0 is bounded for all values of y, its Fourier transform must vanish as |a|->oo. Therefore, the term Y,mAi hi (5.17) would not have any contribution to the leading term in the asymptotic expansion of Vx.
Using now the expressions (5.1-5. Note that in (5.19) g, and g2 represent contributions of the in-plane and bending deformations to Vx. Thus, in a flat plate \2 = 0, the uncoupled membrane solution would have no contribution to Vx, and (5.19) would give the flat plate bending result which may be obtained from Reissner's theory [12] , 6 . Crack surface displacements. After obtaining the functions (7, and G2 upon solving the integral equations (4.28) and (4.29), through the expressions for R, , R4, and A i, any desired field quantity in the shell can be expressed in terms of G, and G2 and can be easily evaluated. One such group of quantities of some practical interest is the components of crack surface displacement vector. In the symmetric problem under consideration, referring to the definition (4.10), the in-plane component of the crack surface displacement (i.e. the crack opening displacement) may easily be obtained as u(+0,y) = -J G, (t)dt,-1 <y< 1 .
(6.1)
The component of the displacement vector which is perpendicular to the shell surface, i.e. w(x, >>), is given by (3.5) and (3.10). Expressing again R,, , Rt in terms of G, and G2 (Appendix B), w may be obtained as follows:
where Q, and N, are given in Appendix B.
7. Numerical solution and results. The singular integral equations (4.28) and (4.29) subject to single-valuedness conditions (4.15) are solved by using Gauss-Chebyshev integration formulas [13] . As an example, a cracked cylindrical shell under uniform membrane and bending loads is considered. To make the practical applications of the results more convenient, these two loads are considered separately. The calculated results for the stress intensity factors are normalized with respect to the corresponding flat plate values. In this case too the corresponding flat plate stress intensity factor is defined by ohS/a, and the stress intensity factor ratios are obtained as follows:
kbb = (k,(h/2) -kt(0))/o"Ja = -~ ^ g2(l). (7.8) In the numerical calculations the effective transverse shear modulus for the shell is assumed to be B = 5G/6, G being the shear modulus of the material. Also, Poisson's ratio is taken as v = 1/3 in all calculations except for one set of results where the effect of v is investigated. One may note that X2 used in this analysis is the standard shell parameter X defined in the formulation of the problem by using the classical (i.e., the eight-order) shell theory. Also note that in the present analysis there is an additional parameter a/h, which, within the confines of the shallow shell theory, gives the thickness effect.
The numerical results are shown in Tables 1-5. Tables 1-4 show the stress intensity factor ratios kmm , kbm , kmb, and kbb defined by (7.3), (7.4), (7.7), and (7.8), respectively. In these tables the values given for X2 = [12(1 -i>2)]'/4a/(Rh)'/2 = 0 correspond to the flat plate. Both X2 and a/h have been varied from 0 to 10. For X2 > 10 and a/h > 10 the linearized shallow shell theory used in this study is probably not valid. For very thin shells (i.e., a/h = 10) under uniform membrane loading (Tables 1, 2 ) it is found that the membrane component of the stress intensity factor kmm is indistinguishable from the results found by using the classical theory [1] , However, the bending stress intensity factor kbm is quite different. The results given in Tables 1-4 show that, particularly for larger values of X2, the thickness parameter a/h may have some effect on the stress intensity factors. Table 3 shows that when X2 -> 0 the results are in good agreement with the flat plate bending results given in [5] and [6] and the axially cracked shell results given in [8] , Note that in Tables 1-4 the columns are truncated at roughly X2 = a/h. Of course the reason for this is that for a fixed value of a/h, the values of X2 greater than those for which the stress intensity factors have been calculated would correspond to unrealistically large values of h/R.
For a specific geometry X2 = 3 and a/h = 5, Table 5 shows the effect of the Poisson's ratio v on the stress intensity factors. For the two most important components kmm and kbb (i.e., for the primary stress intensity factors under membrane and bending loads) the effect of v does not seem to be significant. Hence the results given in Tables 1-4 and calculated for f = 1/3 can be used for materials with a Poisson's ratio 0.2 < e < 0.4, which may cover nearly all structural materials.
Figs. 1 and 2 show some sample results for the out-of-plane displacement w(+0, y) calculated on the neutral surface along the line of the crack. The trend seems to be quite similar to the bulging results obtained for the axially cracked shell [11] . It should be emphasized that in these numerical calculations the crack surface membrane stress is compressive and the bending moment is applied in such a way that the outer layer of the shell on the crack surface is again compressive. Under these loads, as seen from the figures, on the crack surface the displacement w is in the outward direction. The results given in Tables 1-5 and Figs. 1 and 2 are obtained for uniform crack surface pressure or bending moment. Needless to say, the problem can be solved for any arbitrary symmetric load distribution by appropriately specifying the input functions F, and F2 in Eqs. (4.28) and (4.29). For example, Table 6 shows a sample result for concentrated membrane and bending stress resultants on the crack surface. The stress intensity factor ratio corresponding to kmm in a flat plate under a concentrated compressive load is 1/w which is seen to be considerably lower than 0.536 calculated for the particular shell under consideration.
x=\~, ^=Vc-, z = XJa, (A.l) 
